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Part I. Analytic Formulations

Meteorology has a large portfolio of diverse analytic formulations of the
equations of motion, which employ variety of simplifying assumptions while
focusing on different aspects of atmospheric dynamics.

Examples include: shallow water equations, isosteric/isentropic models,
hydrostatic primitive equations, incompressible Boussinesq equations,
anelastic systems, pseudo-incompressible equations, unified equations,
and fully compressible Euler equations.

Many of these equations can be written optionally in Eulerian or Lagrangian
reference frame and in terms of various dependent variables; vorticity,
velocity or momentum for dynamics, and total energy, internal energy or
entropy for thermodynamics.

However, with increasing computational power the non-hydrostatic (i.e., all-
scale) systems come into focus, thus reducing the plethora of options.
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Two reference frames

Eulerian € > Lagrangian
IGU
T + V- (V‘IJ) = G R /| (the archetype problem, AP) C;—T =R

The laws for fluid flow --- conservation of mass, Newton’s 2"d law, conservation of energy, and 2"
principle of thermodynamics --- are independent on reference frames = the two descriptions must
be equivalent, somehow.
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: dx . XX, +0t) — x(x,.1 . =
X = — := lim ( 0 } { 0 ) = V
't 5t—0 ot N 7
physics (re measurément)
v = lim U (x(xo, 4 68), £ +6t) — ¢ (x(xo.1), 1) math (re Taylor series)
dt §t—0 ot
= lim L [x(x0,t + 0t) — x(x%0,1)] - VO + &aﬂ} + O(5t%)
st—0 Of ° ” " X(Xp.t). 1 Ot |x(xa.t), t
. X(xg,t 4 0t) — x(xXo, 1) .- o :
= Jim 5 Ve ™ T ey 1 OO0
? I 81.":"! 1.?.' s " i
— Vo 'y —+ E x[xmﬂJ 3 J{{}Eo,t],t V = (d_,rj dyj dz)
di) oLk , . . .
T — —~ 1 v.-V physics (relating observations

in the two reference frames)

dt ot

\ Taylor , 1685-1731
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2l
ECMWF &3



http://en.wikipedia.org/wiki/File:BTaylor.jpg
http://en.wikipedia.org/wiki/File:BTaylor.jpg
http://www.google.co.uk/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0CAcQjRw&url=http://mrnussbaum.com/pioneers/isaac_newton/&ei=H-JFVajCNLLd7Qa06ID4BA&bvm=bv.92291466,d.d2s&psig=AFQjCNEuMNHM1ALdRQ3Ri-gCwvW7__M7xA&ust=1430729630769013
http://www.google.co.uk/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0CAcQjRw&url=http://mrnussbaum.com/pioneers/isaac_newton/&ei=H-JFVajCNLLd7Qa06ID4BA&bvm=bv.92291466,d.d2s&psig=AFQjCNEuMNHM1ALdRQ3Ri-gCwvW7__M7xA&ust=1430729630769013

More math:

parcel’s volume evolution;

-G oxt, .. 02M

i — : : = q1.J 0< J < =, forthe flow to

X(xo:t) °G, Ozl ..., 0zM 7 be topologically realizable

Lo (o8 oy 100 _ 4 G ozt .00 d | e

G dt ) T a0 vdt | dt Go0xL,..0zM  dt - ya s

flow divergence, definition flow Jacobian Leibniz, 1646-1716

Euler expansion formula,

d 1

and the rest is easy =

Euler, 1707-1783
Lamb, H., 1945: Hydrodynamics. Dover, 738 pp.

Truesdell, C., 1966: The Mechanical Foundations of Elasticity and
Fluid Dynamics. Gordon and Breach, 218 pp.

Chorin, A. J., and J. E. Marsden, 1984: A Mathematical Introduction
to Fluid Mechanics. Springer-Verlag, 205 pp.
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d dJ

pv = my = Eﬁo'jﬂLPﬁoE =0 = mass continuity
dpJ _ _ 1, dp o p dGp B
Ve = T e =GV (Gv) & -tV (Gvp) =0

dip O

R Ava)

a ot VYV o ool for dori .
dp P 9Gp L key tools for deriving conservation laws
E——GV“ (Gv) < WJrV- (Gvp) =0

W_op o %YLy (Gvpy) = GoR

. Treorem XII1.22.1 (On Change of Variables). Let I/ and U’ be
, open subsets in R" (in particular, it may be that U = U’ = R"). Let
@ be a topological mapping of class C! of the set U onto U7,
If a function fe #! has the property that f < U7, then:

@) Rf f0)r) = {f0)dire) = § A @00)- 1detd (x)|dr(x)
, 2 )

= | (@) [det ' (x)]dir().

Be

Lebesquel875-1941
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Elementary examples:

Shallow-water equations

9GQy o o 8 OH 1 oh
2 V- (6v' Q) = 6~ EP T4, - 5 0.0, ),
960, 0 —c[-&poH 1 ohy 2)

(Szmelter & Smolarkiewicz, JCP, 2010)

anelastic system

d 0 / /
_V:_?w'—g?—ﬁﬂxv + M ‘|‘Fv:~

dt

V. (pv)=0,

de’
E:—V'?QE—FFH.

See: Wedi & Smolarkiewicz, QJR, 2009, for discussion; and a special issue of JCP, 2008,
“Predicting Weather, Climate and Extreme Events” for an overview of computational meteorology
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All leading weather and climate codes are based on the compressible Euler
equations, yet much of knowledge about non-hydrostatic atmospheric
dynamics derives from the soundproof equations — descendants of the
classical, reduced incompressible Boussinesq equations

Euler, 1707-1783 Boussinesq, 1842-1929
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Why bother? Handling unresolved acoustic modes, while insisting on large
time steps relative to speed of sound, makes numerics of non-hydrostatic
atmospheric models based on the compressible Euler equations demanding

du
P zP
dp

7 —pOru

pressure and density solid lines, entropy long dashes, velocity short dashes
"h/ReD, o/PE, th/THE, u/C "h/ReD, p/PE, th/THE, u/C ~h/RhO, p/PB, th/ThE, u/C

Ll T T T T b1 g




From compressible Euler equations to incompressible Boussinesq equations

8= ([} Ua _g) — —QVE
du

’OE = —Vp—gpVz; 3D momentum equations under gravity
% = —pV-u: % —0 mass continuity and adiabatic entropy equations ds = ¢,d In 6

perturbation about static reference (base) state:

p=po(2) +p(x,t); 0=—Vp,—ppgVz

momentum equation, perturbation form:

dua da  1_, o HeImhItZ
po=—VE—pm) —glp—m)\Vz = — = —p‘?p —gp‘?z 18911804

for problems with small vertical scales and density perturbations:
p < pp = cnst. =

iIncompressible Boussinesq equations
f

d _ _ !
dt Pb Pb Pb Pb

0=-V-ppu
ECMWF £
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Perturbation forms in the context of initial & boundary conditions

Take incompressible Boussinesq equations:

d . - / /
dt Pb Pb o Pb
0=-V-ppu

which also require initial conditions for pressure and density perturbations. Then consider an
unperturbed ambient state, a particular solution to the same equations
Ue = (HE(E), 0, U), Pe = PE(E), Pe ZPE(E), e = HE(E)
0 delle _ gPe—Pb gL Py,
dt Pb Pb
0=—-V - ppu,

subtracting the latter from the former gives the form

du = vi—fe gp —Peys = —Vo — QEVE

dt Pb Pb b
0=—-V-pu=-V-pu
de’
E = —u- VQE

that takes homogeneous initial conditions for the perturbations about the environment!
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Perturbation forms in terms of potential temperature and Exner function

1
m = (p/po)*/? . w=T/0 : EV;D = ¢, 0V

compressible Euler equations

du B du F.M. Exner,
o —Vp—gpV=z i —0V (cpm) — gV2 1876-1930
dp dp
A VAR T LAY
dt = PV
o _ o _
dt dt
€«

p=pp(2) +p(x,t); 0==Vpr—ppgVz  0=0,(z)+0'(x,t); 0=—-6,V(c,m) —gV=z

da 1_ ., p du ) 6’
i —pr — gp‘?z i —6V (¢pm’) +99b‘?z
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e The incompressible Boussinesqg system is the simplest nonhydrostatic
soundproof system. It describes small scale atmospheric dynamics of
planetary boundary layers, flows past complex terrain and shallow gravity
waves, thermal convection and fair weather clouds.

e Its extensions include the anelastic equations of Lipps & Hemler (1982,
1990) and the pseudo-incompressible equations of Durran (1989, 2008).

In the anelastic system the base state density is a function of altitude; in the
pseudo-incompressible system the base state density is a (different)
function of altitude, and the pressure gradient term is unabbreviated.

e In order to design a common approach for consistent integrations of
soundproof and compressible nonhydrostatic PDEs for all-scale
atmospheric dynamics, we manipulate the three governing systems into a
single form convenient for discrete integrations:
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Unified Framework, combined symbolic equations:

du o' L f(x,t) f(x,1)
— = —0 —egYTp— — 1 — 7T e) r— ’ )
dt v(f:" g ng X (u cu ) o 1: GD ) HD ;
Op(2) Gp(2
der Tpi= |1 =, o
E = —1u- VGE 6'E(X) GE(X
dQ 6.(}{& t) Q(X*t))
LA v Te = |1, q :
eV ‘ 0.(x) " (%)
Oy 2
0= (). mn2, gt
0 Rd Rdfcv
p = [T, cpbom’, cpbom’] p = cpbho (p—QQ) - TTE] gas law
0

conservation-law forms =
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Combined equations, conservation form:

dou

E*‘V'(L@U@u) = oR" |
di)/dt = R

0ot ! 0

W*‘V'(QU@):QR 1 doy/dt+V - (pu)) = oR

ag LV (ou)=0, specific vs. density variables

ot

Accounting for curvilinear coordinates:

G ov

T + V- (Govy) = GoR v = X not necessarily equal to u

dGo G(x,1) denotes the Jacobian

ot +V-(Gov) =0 G? is the determinant of the metric tensor

%—:} + V- (v¥) =GR &« > i—lf =R recall “the archetype problem, AP”
ECMWF £
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Global baroclinic instability; Smolarkiewicz, Kiihnlein & Wedi (2014, J. Comput. Phys.)

8 days, surface 8, L AGAL @Y T CMP, 2880 dt=300 s,
128x64x48 lon-lat grid, £ (5 5 SNSAS - 2 2 2| wallclock time=2.0 mns
128 PE of Power7 IBM L

1y \('SJ-:{'/(.'} :

.........................

- -

R T PSI, 2880 dt=300 s,
= 1 wallclock time=2.3 mns,
W

i
|
4
4
i
]

____________

ANL, 2880 dt=300 s,
wallclock time=2.1 mns,

S5 MAS.
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The role of baroclinicity

pseudoincompressible compressible

anelastic

EBEeEeeVmm————Ft—— "  BEE—F——"FFEt -~

. 5 // W!H!Hl m!




1.5h, surface InB, 320x160 ———r——————~_ "~ ~——
Gal-Chen grid,
domain 120 km x 60 km = e Ay I ——
““soundproof” dt=5 s = e ——

320 PE of Power7 IBM

“acoustic” dt=0.5 s ——
E E
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PartIl:  Integration Schemes

e Generalised forward-in-time (FT) nonoscillatory (NFT) integrators for all
scale, all speed flows PDEs (anelastic, pseudo-incompressible, acoustic; semi-
implicit; flux-form Eulerian and semi-Lagrangian)

e Robust, variational Krylov-subspace solvers for generalised boundary value
problems (BVP) of Poisson & Helmholtz type

Poisson, Helmholtz, Krylov, Richardson,
1781-1840 1821-1894 1863-1945 1881-1953
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® Generalised forward-in-time (FT) nonoscillatory (NFT) integrators for the AP

EUlerian/LAGrangian congruence

Eulerian 85—? + V. (v¥)=GR| -
Pt = A (W 0.50tR™) + 0.50t R
dW
Lagrangian (semi) i R

ECMWF £



Motivation for Lagrangian integrals

Pl — A (W + 0.56tR™) + 0.56t R

dW
dt

U(x,t) = ¥(x,,1t,) + /Rd'r
T

Ut = 0, + 0.50t(RI + R,) + 6tO(5t%)

Ut = (U + 0.56tR), + 0.56t R + HOT

2016 Slide 22 ECMWF _c



Motivation for Eulerian integrals

Pt = A (W + 0.56tR™) + 0.56t R

oG
5 T V. (v¥)=GR| forward-in-time temporal discretization:

Gn+lan+1 — Gnypn
ot

+ V- (vn+lf2\];,ﬂ..) _ (GR)R+”2

Second order Taylor expansion about t=ndt & Cauchy-Kowalewski procedure =

| st
TRV () = GR-V- S0y v+ 567 (S + V) vi| + V- (GVR) +06e)

Compensating 15t error term on the rhs is a responsibility of an FT advection scheme
(e.g. MPDATA). The 2" error term depends on the implementation of an FT scheme

ECMWF £



Given availability of a 2" order FT algorithm for the homogeneous problem (R=0),
a 2"d order-accurate solution for an inhomogeneous problem with “arbitrary” R is:

Pl = 4, (@”,Vﬂﬂfﬂ, G”?G’”’“) + 0.56¢ R
where

Um = 0" + 0.55tR" .

“Banach principle”, an important tool for systems with nonlinear right-hand-sides:

v, @ITh = 4 050RITH

v, @t =& + 0.56RH

| @l i @t || = 0.50¢ || R(®™H: A1) - R(®™T) |
< 0.50t sup || OR/O® ||| &8 #~1 — L |

Eulerian semi-implicit compressible algorithms = = =>

ECMWF £



Schur complement (solar MHD scenario)

d_“:_vﬂ’_gngquﬂJr 1B-VB=
dt o, HPo 810*‘;[' .
de/ 1 —+ V- (V'¥) =p'R,
=—u-VO,+—H(O)—ab, ot

dt Po
. > ¥ = {u, @, B}T
—=B-Vu-BV . .u,
dt

- B - 72
Vo pu=0, R = {R,, Ro,Rp} Schur, 1875-1941
V-B=0.

Ul = 4; (U, V", p*) + 0.50tR} = ¥; + 0.55tR]

1

UM = W + 0.56t LU + 050t N(®) " — 0.5t GV

1

b= (7, «', 7, 0, w°, 7", w)

.

O — [T — 0.55¢L) (1'17 _ 0.55t’é’7¢n'ﬂ-=V)

*

1

U=+ 0.55NT[" !

= thermodynamic/elliptic problems for “pressures” @
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8("’ . . .
C;;;Q v . (QQV) —0, in some detail for compressible Euler PDEs
G ot ~
S+ V- (Gotv) = —ggei{\we ;
8( . , — Hr ,
éfll +V - (GQV ® u) ——Up (@GV@ + gTBH_ + 1 x (l.l — TQUE) - M (u, 1, Tp))
b

semi-implicit *"acoustic” scheme:

n—l—l Aj (Qn: (g"‘.ﬂ")Tfl—l-fl;'rﬂj g* g) — Vn-l—l;"z _ Wﬂ—l—l;"z

L-]

0 = Ai (0, V12 gt gt ) 1 1
= Go" and """ = G

10 s
u; = A; (ﬁj V2 g QWH)
v=1,..,N, (RE: Banach principle)
0'f = 6; — 0.5t (G"u” - V8, ).
e
8" 1 1
uy = u; — 0.50t (9“ GV + gTBﬁ_h) —0.54t (f x (0 =T u) — M(uu,YTe)"™ )i
R Rd!‘lcl.
0! = cpbh (—d ““6‘”_1) — T, (RE: thermodynamic pressure)
po :
o = (¢ - 0.50tG™u" - V6, + 6, ). 00 = A, (67, V2, o, e

simple but computationally unaffordable; example =



Global baroclinic instability, Smolarkiewicz, Kiihnlein & Wedi (2014, J. Comput. Phys.)

8 days, surface 6/,
128x64x48 lon-lat grid,
128 PE of Power7 IBM

CPI12, 2880 dt=300 s,
wallclock time=2.0 mns

CPEX, 432000 dt=2 s,
wallclock time=178.9 mns
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LAu” (RE: elliptic pressure)
r L \
u” + 0.5t x u” — ([}.56t)2gTBQ—GTu” . Vo, =
b

e

!

9
i — 0.5t (g’rﬂg— —f x T4 tu, — M(u,u, ’rg)“—l)
b

—0.50t0""IGVy” =|0u-056t0"" GV | S

W =1u-CVe”| where 1 = L't and C = L-10.56t0""1G

hs

elliptic boundary value problems (BVPS):

Poisson problem in soundproof models relies on the mass continuity equation V - (¢*v) =0

Because v = GTu, acting with GT on both sides of v/ =1 —CV¢” and ...=>
ot ot -
0=——V-(g'v)=——=V-[o" (V- G"CVy¢")]
4 e

diagonally preconditioned Poisson problem for pressure perturbation
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Helmholtz problems for large-time-step compressible models also rely on mass continuity equation:

combine the evolutionary form of the gas law & mass continuity in the
AP for pressure perturbation, to then derive the Helmholtz problem

where v = Rg/c,

dr’ Opr’

g = vV oumwVre = —m £ Ve (pru) = —yprVeu = pu- Ve
do*r’ e L1 )
5 +V-@‘W)—-—%QW§V-wV%+V* ﬂ}

0= _ s [; (v T LT ] v-(g*wf)—iﬁiv\(ev)] — Blp— @)

Y T o' vy ot

And how does one solve this “thing” ?

2l
ECMWF &3
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Notion of variational Krylov-subspace solvers:
d(p-r=0 &= 2 - p)-R

@:= A(p- R
99 =0 = %% .-.-o(( ) )
L Y T (I but for k=0,..,n-1
gt el o utior k..o
? f % o o' , M=ro + ¥ yk Lk+1(fo)
B and
(;? °f +(€(-4S'{~)«-+J-l-.\‘{-r((3r) S loop over k =0,..,n-1
@rr 2 +e<o((«r)+cﬁa( («« D plet=p* +66:k r(kk)
- B r+l=rk + Stk L(r
!lrr“!! =0 A "2‘"« =0 => “’,? with
f F B oth= - <r" L(r)>/<L(r")L(r")>
~€ Q‘* | should do as well; at least for
7‘1‘ er o> =0z Lot Al ')>+az.(o( )a( J5+fsflfa)£(fr9> :%LL((%;::@OL(%? ;I‘I”‘é .
__-;(3 4«-2 q‘§ "'O (,.ﬂ.( ( )5-&-(!.(’(?)((«%'\?{4(‘)‘(«‘)

24ty Ao s 4TS ) T4 [aedias|
|etndia, 4 6-).6 > le i 4A<’w)>_j

ECMWF & 30~



Notion of preconditioning:

The best asymptotic convergence rate one can get from plain CG methods is in
the inverse proportionality to (condition number )2 of the problem at hand

A(p) ~R =0 «— =B —-a((?J R

~ but also |
04(]:)—- =0 =— QQFPL)--X(P) R

e TA A =S
TS 1m0 i

@Mc& Mo shory coubueg

QJ%’ %1:9

ECMWF £



Preconditioners, e~ P -1(r), examples:

f“”'+1 —eM

1) - Ar - :'P-"l(en.) —{—?:’z(e”—i_l] _ vt > (T &T'PZ] utl _ R
Ru = el + ﬁh"f(??h(e“') . Ty_|_1)

Delt1 — De

2) A= _ rph( H:] _ rp(ey-—I-i ) + P ,u—i—l] was
T AT S 00, block Jacobi

(—1)D stands for the diagonal coefficient embedded within the matrix representing P”"

eﬁf-+1_€;;. ) :
3) A= — Ph(er) + P (elTl) — Pt 3 Ph(er ) 4 P (er ) = o]
0T — 00
Zf’m z)expli(k -z +1-y))
Zm 2)expli(k -z +1-y)]
. d?é X
{Cg.{ Jeri + Br.il(z) dz};'{—rm}{xp[(k z+1-y)=0
k.l

(5}'2
Vi1 (C}ﬁ,i(z) + 5&-,1(3)@) exi(z) = Tru(2)
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Non-symmetric preconditioned generalized conjugate residual scheme GCR(K):

FP(V)

1 IFlpaw) 1 IP(D)

otk

For any iitial guess ‘If?, set r?

V.v=0,
dv/dt=-V1' +g +vav—-ov
(V- [-05m1(1+ 4t 'V7] }i )

T T ok

+T1(T) il

(\I}O) _ 0 _

For n =1, 2,...until convergence do
forv=0,.,k—1do
(" L(q"))
p=-

(L)L)’
q;:;’+1 =W+ Bgq,
=1+ pLAeY)

exitif || 7+ |< ¢,

e =P,

Y; evaluate L;(e) = %V,v -CVe,
(L)L)
(-E(fr’)li(q )

1(+1 .. Z
q; =g + fl’gql ,

Li(g™h) = Lie) + Y Li(q'),
=0
end do,

reset [\, r, g, L(q)]}; to [V, 1, g, L(f})]? ,

end do.

Vi—op a; =

-R

i_] (#?); then iterate:

Dv g |

Dr -Vr - g9 +2 xQ+E(B-VJB+D‘-,
Dy’ .
E:—\'-V&AH—&B.

DB
E —_Vr*+ (B-V)v=B(V-v)+ Dy,
V(o) =0.7 - B=0

B{6,4) 1/R=0.695 t= 0 s.d.
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z (km)

A few remarks on boundary conditions:
= LCPd TR = LoD — D
() '4?3!3’“} = W qf’_’)_ +(§“in »v&"’*l*
bC seotis Pred ’37‘“ :? A Lra g,s,.,v—-o

Sy ivea m o P> )B s a S

ggf—»;,;;;da _ o *&, -

& -!
b= e o @f’*ﬁ’@—)
-~
A bi -]rrorrn O ﬂw VS Eeaoo
16. LA e e e I e e e I 16. 7“ TT T T T T T T T T T T T T T T T oo L\ltl\illlllrll LIS L I I O B O \7
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Pseudo-incompressible solution on the reduced T159 Gaussian grid
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Principal results

Soundproof and compressible nonhydrostatic models form complementary elements of a general
theoretical-numerical framework that underlies non-oscillatory forward-in-time (NFT) flow solvers

The respective PDEs are integrated using essentially the same numerics
The resulting flow solvers can be available in compatible Eulerian and semi-Lagrangian variants

The flux-form flow solvers readily extend to unstructured-meshes
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